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ABSTRACT. The present paper proposes an approach to the generalized k-Bessel 


function defined by 


O9 __p)n 2n+2 
uk = (=r) (2) 2 
aa) Ss i (nk+p+ a1) n! \2 


n=0 


k 


where k > 0 and p,g,r € C. We discuss the uniform convergence of U% q,r 


(z). Moreover, 
we prove that the prescribed function is entire and find its growth order and type. 
We also find its Weierstrass factorization which turns out to be an infinite product 


that it is uniformly convergent on a compact subset of the complex plane. The 


k 


p.q,r(2) is found using the representation for the k- 


integral representation for U 
beta functions. The present paper further proves that the specified function is a 
solution of a second-order differential equation that generalizes certain well-known 
differential equations for the classical Bessel functions. In addition, some interest- 
ing properties like the recurrence as well as differential relations are demonstrated. 
Some of them may be useful to establish some turadn-type inequalities for it. Ul- 
timately, we study the monotonicity and log-convexity of the normalized form of 
the modified k-Bessel function Tk , , defined by Tk, (2) = i FU 4 
the quotient of the modified k-Bessel function, exponential and k-hypergeometric 


(iz) as well as 


functions where the leading concept of the proofs comes from the monotonicity of 
the ratio of two power series. Further investigations on the prescribed function are 


underway and will be presented in forthcoming article. 


1. INTRODUCTION AND PRELIMINARIES 


In recent years, considerable attention has been given to the role of Special func- 
tions, abbreviated SFs, especially in mathematics and physics due to their numerous 
applications. They have long served as an influential tool to use in solving different 
types of ordinary and partial differential equations. Many mathematicians have re- 


cently paid special attention to study some properties of the k-analog of some Special 
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functions. Such an extension has been sought to get interesting results analogous to 
those in the theory of classical functions. For a complete list of references on this 
subject, interesting readers may consider [14, 16] for k-gamma and k-beta functions, 
[2, 3, 4, 5, 18, 19, 20, 30, 27] and [36] for k-Bessel functions and [15] for k-zeta and 
k-hypergeometric functions. Results of this type seem to be quite essential in the 
development of the theory of Special functions. 

Modified k-Bessel functions are closely related to modified Bessel functions which 
lie among the most essential Special function. Their properties can be useful in a 
variety of mathematical physics. Applications of modified Bessel function can be 
found in several problems which naturally arise in fluid mechanics, wave mechanics, 
biophysics, quantum billiards, electrical engineering, finite elasticity, mathematical 
physics, special relativity, probability and statistics among many others. For more 
articles on the subject, we refer, e.g., to [8, 21, 22, 23, 28, 34] and the references 
therein. In this paper, we restrict ourselves to the generalized k-Bessel function. We 
get some promising results that could be helpful for other research projects on Special 
functions. Further work regarding the generalized k-Bessel function is underway and 
will be presented in a future paper. 

Turan’s inequality for the Legendre polynomials, denoted by P,,(x), is given by 
(Pala)? > Prai(x)Pni(x), for x € [-1,1], n € N, where equality gets valid if 
x = +1 only. This inequality was proved by Szegö [31] and Turán [33]. There are 
many generalizations of this inequality for various Special functions and orthogonal 
polynomials. For recent articles regarding this inequality, we refer the reader to 
[12, 9, 13, 26, 25, 31, 33] and the references therein. 


This paper is structured as follows. The uniform convergence of the k-analog of the 


k 
PQ" 


Moreover, it has been proved that the prescribed function is entire and find its growth 


generalized Bessel function of the first kind of order p, denoted by US, ,.(z) is discussed. 


order, type and Weierstrass factorization. Section 2 is devoted to finding the inte- 


k 


pqr(2) using the representation for the k-beta functions. It 


gral representation for U 
has been further proved that the specified function is a solution of a second-order 
differential equation that generalizes certain well-known differential equations for the 
classical Bessel functions. Furthermore, some interesting properties like the recur- 
rence as well as differential relations are obtained. Some of them may be useful to 
establish some Turán type inequalities for it. Ultimately, the monotonicity and log- 


convexity of the normalized form of the modified k-Bessel function Tas defined by 
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Tk 


p,q,1 
tion and the exponential and k-hypergeometric functions where the leading concept 


(z) = ik UK 


p,q,1(12) are studied as well as the quotient of modified k-Bessel func- 


of the proofs comes from the monotonicity of the ratio of two power series. 


We start this section by recalling the second-order differential equation [35, p. 38] 

zw" (z) + zw (z) — (p? — z*)w(z) = 0, (1) 

where p is an unrestricted real or complex number. The homogeneous equation 

associated with (1) is called Bessel equation. A particular solution of (1) is called 
Bessel function of the first kind of order p, and it can be expressed as 


BE- Gij zy ant 
Jyly: LT maps ari (5) for all z € C. 


Increasing attention is being given to scientific and technical problems, which lead 
to differential equation of the modified Bessel type. The modified Bessel equation is 
given by [35, p. 77] 


zw" (z) + zw (z) — (pP + z7\w(z) = 0, (2) 


and a particular solution of this equation is the modified Bessel function of the first 
kind defined by 


OO 


1 vA 2n+p 
L,(z) := for all 
p(z) 2 ea A (5) aber 


In addition, the differential equation 

z*w" (z) + 2w'(z) — [p(p + 1) — z7|w(z) = 0, (3) 
which differs from (1) and (2) in the coefficients of zw'(z) and w(z), is called spherical 
Bessel function. Its solution is called spherical Bessel function of the first kind of order 
p, and is defined by 


E Soa (—1)” zN 2n+p 
Sp(z) erao Gen (=) for all z € C. 


n=0 
On the other hand, Baricz in [7] has investigated the second-order differential equation 


zw" (2) + qzw (z) + [(1 — g)p + r2? — p°lw(2) =0, (4) 


for p,q,c € C, which can be considered as a solution of 


= (—r)” z 


U e i eG 
parz) = l T) (5) or all z EC. 
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Another generalization of the Bessel functions has been established by Mondal and 


Akel in [27]. This generalization is given by the infinite series representation, for 


p> -—1, k>OandceER, 


k a < (=r)” aes 
UE, (2) =n Cee ea Cee (5) for all z € C, (5) 


n=0 


which is a particular solution of the following differential equation 


zw" (z) + zw (z) — S (p? — r27k) w(z) = 0. (6) 


where #R{z} > 0 and k > 0. For more information regarding the k-gamma function, 
the interested reader is referred to [14, 15, 16] and the references therein. It shall be 
noted that the classical gamma function and the k-gamma function, for a complex 
number z and k > 0, are related by T(z) = k@/"-!1,(z/k). It is notable that the 
T(z) satisfies 


1 
Pe) 


Zz 


Ty(z +k) = 2P(z), Tk(z) =1, = zk-te® 1 TT (1 a Z) a 
n=1 


with Euler’s constant y. 

It is worth mentioning that as k — 1 in (5), we obtain the classical Bessel 
functions J,(z) while the classical modified Bessel functions I,(z) will follow if we 
let k > 1 and r = -1. 

Recently, in [15], the authors defined the k-hypergeometric function by 


2F ig (As 1), (1,1); (r1); 2] = D etna 7) 


which is a particular solution of the following differential equation 
kz(1 — kz)w"(z) — [A+ u + k)z — 9] zw (z) — Apw(z) = 0, 


where (x)n x stands for the Pochhammer k-symbol defined by 


(£)nk = Tz) = g(x + k)(x + 2k)...(a + (n — 1)k). 
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We proceed to recall that a function U that is real entire function belongs to the 


Laguerre-Pélya class LP if it can be written as follows 


U(z) = cr” e*t TT (: + z) eT En, 


n=1 Tn 


where c, b, £n € R, m € No = NU{0} and X` z7? < œœ. The class LP consists of entire 


functions which can be approximated by polynomials with only real zeros, uniformly 
on the compact sets of the complex plane and it is closed under differentiation. 

The main object of this paper is to introduce an elegant power series WE e(z) defined 
by 


k PAE = (=r)” ZŅ\2ntk 
Unan(#) ape (nk+p+ 44k) TP (n +1) GS) : (8) 


n=0 


where k > 0 and p,q,r € C. 

Using the power series (8), it is a considerable computational and conceptual ad- 
vantage for the prescribed function to provide explicit and interpretable solutions for 
problems in the forthcoming sections. 

Before we proceed, we will present the following definitions and lemmas that will 


be used in the proofs of the main results of this paper. 


Definition 1. Let X be a nonempty convex set in R. A function f : X —> R is 


convex on X if one of the following conditions hold: 
(i) if af (#)+(1—-a)f(y) > f (ax + (1 —a)y) for every a € [0,1] and z,y € X; 


(ii) if f is increasing, twice differentiable and f” is non-negative. 


Definition 2. Let X be a nonempty convex set in R. A function f : X — R is 

(i) concave on X if —f is convex on X; 

(ii) strictly convex on X if the inequality in (i) in Definition 1 is < and strictly concave 
on X if —f is strictly convex on X; 


(iii) log-convex or superconvex on X if f > 0 and log f is convex on X, that is, 


alog f (x) + (1 — a) log f (y) > log f (ax + (1 — a)y) , or equivalently, (f(a))* (f(y) = 


f (ax + (1 — a)y), for every x,y € X and a € (0, 1] and log-concave if the — f is log- 
convex; 
(iv) absolutely monotonic on X if it has derivatives of all orders and satisfies f( (x) > 


0 for every x € X and n> 0. 


Lemma 1. [11]. Let a, E R and b, > 0 forn € No. If A(z) = X` anz” and 
n>0 
B(z) = YO bnz” be a convergent power series in |z| < R and {an/bn}n>o is (strictly) 
n>0 E 
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increasing (decreasing), then the ratio A(z)/B(z) is (strictly) increasing (decreasing) 


on (0, R). 


Note that the above lemma can be applied if A(z) and B(z) are power series of 


the form 


A(z) = X anz” and B(z) = >. bnz”. 


n>0 n>0 


Lemma 2. [17] Let f : (0,00) > R be a function. If f(z)/z is increasing, then f is 


super-additive. 


Lemma 3. [29] Suppose that f(z) = X n>00n2” and that can be represented by f(z) = 
e? h(z), a < 0, and h is of the form 


with a,B ER, Jonaz lcn? < œ, f has real zeros (or no zeros at all), and g(n) is 
of the form 


g(z) =e” T] (1 + =) ean, 


n=1 n 


where 6 € R, dn > 0, Soys1 dn? < 00, then F s94ng(n)2” has only real zeros. 


Lemma 4. [24] Let f be an entire function with infinite zeros 0, a1, a2, ...,An,..., then 


f can be represented as 


fe) = 2" fja (=) 7 
n=1 An 
where 
l-—w if p = 0, 
G'(w, p) = i i w2 l | wP d 
(-w)expw +57 t- +7) if p>o, 


and m is the order of zero of f atz =0, g is an entire function. 


Lemma 5. Suppose that p > 0, k > 0 and (p/k) + (q — 1)/2 > 0, then the function 


Uas is an entire function of order p = 1/2 and type T = IIINE. 
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Proof. First of all, we shall prove that (8) is uniformly convergent on a bounded 


subset of the complex plane. Noting that 


(—r)" Gy" 


Ty (nk + p+ 4k) n! \2 


_ (—r)” Om 


n+ +1 
ktkt 2 T(n ++ )n 


|r|” )z[rrk 
= p qui 2n+Ẹ 
KREET (n+ p + at) nt 2 
Using the D’Alembert’s ratio test, we have 
2 
r| lz 
Ir ll i 


noo 4k(n + 1) (n +2 + 4+) n! 7 


so, by using the Weierstrass test, the uniform convergence follows. On the other 


hand, (8) has an infinite radius of convergence as follows 


Pes (<r 
— = limsu 
R ee Ty, (nk + p + Œk) n! 


1/n 


1/n 


—r n 
= lim sup rl (=e) 
n—o0 ktkt 2 T (n T p ae at) n! 


and so, it represents an entire function. In addition, the order of the entire function 


= 0, 


U% „„ can be evaluated as 


7 nlogn 
p = limsup ee 
noo ktkt 2 T (n + p + pth) n! 
log k 2 
(7 
i nlogn 1 
= lim sup EE E. 
mee log |k"tkt 2 T (n+ 2 + 4*)| + logl (n+ 1) — nlogr 


and the type of UX, is given by 


p,b,r 
1/2n 
1 =r)” 2 
T = —limsup 4 n as ae, = CNA 


which ends the proof. 


The proof of the next lemma goes in the same steps as [32, Lemma 2.1] 
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Lemma 6. Assume that p,r,k > 0 such that (p/k) + (q — 1)/2 > 0, then z > 


Ua) has infinite number of zeros and these zeros are real. Further, the Weierstrass 
k 


factorization of Us ,.(z) is 


Pq," 
p 
aoee i ( á ) (9) 
U 2) 2 Se | — ———_. 9 
P,q,r +1 2 , 
Por pA (T 
where oin stands for the nth positive zero of Usoy and the uniform convergence of 


the above infinite product on a compact subset of the complex plane holds. 


, are real. This will be 


Proof. Lemma (3) is applied to prove that the zeros of Us 
done by setting f(z) = e "(2/2)" and g: [(0, co) > R with 

= 1 

~~ Te (nk + p+ wrk) 

It is notable that f is in the Laguerre-Pélya class LP as well as g. So, by Lemma (3), 
the zeros of UX, .. are real if p,r,k > 0 and (p/k) + (q — 1)/2 > 0. 


Par 
Now, we will recall that Uae 


g(n) 


is of order 1/2 from Lemma (5) and by making 


use of the Hadamard factorization theorem, every function of non-integral order has 


k 
p,q," 


real. Thanks to (4), the infinite product (9) follows. 


infinitely many zeros. It is concluded that Us „„ has infinitely many zeros and all are 


Now that we have recalled and developed the necessary basics, we can move on to 


the main results of this paper. 


2. PROPERTIES OF THE GENERALIZED k-BESSEL FUNCTIONS 


In the following, the integral representation of the generalized k-Bessel functions 


is established based upon the next representation for the k-beta functions (see [15]) 


Bk (a, 8) = eer = fea — AETIA. 


Note that if we now replace £ by ¢? on the above integral, then we obtain 
1 
2 fpi 2—1 
By (a,b) = X LE (1 — &) kde, (10) 
0 
with R{a}>0, R{G} >0andk > 0. For a = nk + tk and 6 = p, it finds 


1 
+1 
Ty(nk + Sk) (p) = fem — AE-L, 


By (nk + p + 4*k, p) = = 
0 
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where R{p} > 0, R{q} > —1 and k > 0. 


It is significant to note that (8) can be expressed as 


k wo (or) Bx (nk+ p+ 4*k,p) /z\ 2+8 
User) = oF Ges Taal (3) 


1 


2— ane z eae Qn+ 2\2-1 
= lal — E)E 
DA (nk + 4*k) Ty, (p) n! (5) l ) 


0 


1 


-pO foo Sara (Se 


Ty (nk + 4k 


By making use of the property Ty (kz) = k*-'T' (z), we obtain 


Ba nig a) fO0- OP L rere lave) a 


ao) fener (G2) "ne (AE) a 


Another integral representation for the U% „(z) will follow by setting a = nk + 
Z and 8 = p + $k in (10) as outlined below. From (10), we have 


1 

k b Ty, (nk + £)Ty(p + Sk) | 

B k —k 2 = gen i= V 
i (» Eppa *)- Ty nk + p+ 5k) ky B 


tala. 


Now from (8), we have 


1 
k (eas z en Qn¢y _ p2\P+4-1 
Unar(@) - nae ET. prea ) a. m 


0 


1 


2 2\ f Pa = (=r) g” zZ\2n 
= 1—0?)xta7! de. 
k2Ty (p + $k) (5) ik kT (n+ 5) nl ( ) 


Using the Legendre’s duplication formula, 


T(z) (: $ 5) TRG, 


for z = n + 1/2 we get 


T (r + 5) I (n +1) =2-"/aT(2n + 1), 
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1 
k nE 2 Z E _ p2 Peel —r)ren K 2n 
Viar?) = TET, (p + $k) (3) ae a a V/aT(2n + 1) (3) # 
ye 


= 2 Z\ k Da 
-vnk (p+ $k) G fa- ao sh ae (1) 
0 


If r > 0, then (11) leads to 


Uk (z2) = 2 — (7)k+3-1 cos VEY ay (12) 
PGT pt 
0 


Vk 
If r < 0, (11) yields 


Unarl®) = Gr 1k) T E oe 


Substituting / = cost in (12) and (13), we get 


t 
1 — cos? t) kt2—! cos (=) sin tdt 
Vk 


rhs 


k —2 z 
Upg) = a EES (5 ) 


(sin t) T+ cog (ae) dt, (14) 


E 2 Z 
-npr (a) Vk 


f 
ows 
and 


p 


UE, .(z) = 2 GJË f (ein cosh (=m) dt. (15) 


Vakly (p + $k vk 


In the above integral representations (14) and (15), if we consider as a special cases 
k > 1 and q =r = 1, the well-known representations for the Bessel and the modified 
Bessel functions are obtained (see [1]). 


We now move on to another result of this section. In particular, we prove that Us PEE 
a solution of a second-order differential equation which generalizes certain well-known 


differential equations for the classical Bessel functions as in the following proposition. 


Proposition 1. Suppose that p,q,r € C, k > 0 and p+ vik # 0, —k, —2k,..., then 


U2) satisfies the second-order differential equation 


2 (hap (2))" + qz (ha (2))' + Gire? —p? — pk(q—1)]UK, (2) =0. (16) 
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Remark 1. The above proposition generalizes the results given in [7] and [27] when 


k > 1 and q = 1, respectively. 


In the remainder of this section, the recurrence as well as differential relations for 


generalized k-Bessel function are obtained as in the following propositions. 


Proposition 2. Assume that p,q,r € C, k > 0 and p + tik # 0, —k, —2k,..., then 
CE ET ) + kr 2U eign (2 z) = [2p + (q — 1)K]U5,,,-(2); 

(ii) kz (Uf g(2))’ ee ) = 2U pier (2)s 

(iii) Usar) = SPE + 5 (p + 2mk)U5t2mkq,r (2); 


wea retin pu! , (2) 
(QO, OY aa, (ke RCA OReUE 2), 


The above proposition generalizes some of the recurrence relations given in [7, 
Proposition 2.14] and [27] when k > 1 and q = 1, respectively. On the other hand, 
(i) and (iv) for q = r = 1 among other relations have been provd for k-Bessel function 
Jk(z) in [19] using the series expansion of Jk(z). Here, another proof is given using 
the generating function for J§(z) which has been obtained in [18]. The generating 
function for Jk(z) has the form 

Cy (a, t) = e@/2VB(a/VR)—(WE/2)) = 5 a2 JK (2), 


p=—oo 


for all z # 0 and finite z. Differentiating G(x, t) with respect to z and x yield 


oe _ zD- (Vk/2) )e(2/2V(@/VB)-(WE/2)) — Yal (J(2))', 


OG,(z,t) z (2/2Vk) (a Ee) __ Yo P R_1 7k 
~S zg + + (Vk/x? )Je (2/2V'k)((a/Vk)—(Vk/2)) — ` mm JK(z). 


Replacing G(x, t) with its power series expansion in the above equation yields 


OG, Tt a Dios = Pp k 1 
D L (Cev - ae (38(2))', 


OG, (2, t) ns Tee 2 ae Bo R-i kz 
T = liv) + (vkye Ky ahay. pak ‘Sal 


p=— a P= 1m0 
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Hence 
X op 1 e Lo e 
(GO) =a Do al 0 ck), 
p=—0o p=— o0 p=— o0 
` Prey (2) = x ` p a (2) + = > xk ST) f 
p=— o0 p=— o0 p=— o0 


gives the required recurrence relations. 


Proposition 3. If p,q,r E€ C, k > 0 such that p + tk # 0, —k, —2k,..., then the 
following identities hold: 


d Bag gzkta—1 
re Gan Uk a(2)) = 7 Us eae 2); (17) 
T (E Uhal) = -re FU big (18) 


Proof. By using the series expansion (8), the result follows. 


Proposition 4. For p,q,r € C, k > 0 such that p—mk+ vik # 0, —k, —2k,..., the 
following identities hold: 


(LE) (rata) = ROO ma 09 
(Fae) (Ek) = P isnat) (20) 


3. TURÁN-TYPE INEQUALITIES AND MONOTONICITY PROPERTIES FOR THE 
GENERALIZED k-BESSEL FUNCTION 


In the next, some Turán-type inequalities are obtained for Us gr(2) utilizing the 
recurrence relations (ii), (iv) and (v) of Lemma (2) as well as the differential equation 


(16) as outlined below. The following further lemma is needed. 


Lemma 7. [fk > 0, p,q andr are non-negative real numbers sunch that p + (q + 
1)(k/2) > r/4, then UX, .(z) > 0 for all z € (0,1). 


PGT 


Proof. Assume that 


re 


Giga (21) 
Ty, (nk + p+ 4¢k) n! 2 


R,(z) = 


so that 


OO 


Usar(2) = X (-1)"Ra(2). (22) 


n=0 
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Using the fact that Ty (kz) = k*~1P (z/k), we get 
ine (nk-+p+ i) = kt ap ¢ +5 + =) 
Moreover, 
r® (2/2)nrk | 7 r(2/2)? 

KES DT (n+ 2+ i)nl | (n+ Dk(n+2+ 3) 

r” (z/2)mr i - 
O EHET (n 4 e242) nl | Aln 1)k (n+ 24+ 4) 

pani P(n) 
O KHET (n+ 2+ H1) ntd(nt 1)k (n + £+ 4)’ 


R,(z) — RngilZ) = 


r 


where 
(n) := n+ k(n IK E 


Since n > 0, then ®(n) > 0 for all n > 0 under the given hypotheses which implies 
that Ra(z2) > Rnsi(z) for all n > 0 while R,(z) tends to zero as n > oo. On the 


other hand, U% „„(z) can be written as 


UK .(z) = Rolz) — Ri(z) + Ro(z) — Rs(z) +... > 0, 


PGT 


under the above hypotheses which ends the proof. 


Theorem 1. The following inequalities hold: 
(i) Let p,r,k > 0, q,z ER and (p/k) + (q — 1)/2 > 0, then 


(User (2)) — US age) U Rca (2) 2 0; (23) 


P.Q,r 


(ii) Ifp,r,k > 0, q,z >0 and (p/k) + (q — 1)/2 > 0, then the inequality (23) holds. 
(iti) If p,r,k > 0, z € (0,1), 0< q < 1 such that p+ (q + 1)(k/2) > 1/4, then the 
inequality (23) holds. 


Proof. Taking the logarithmic derivative of (9), we get 


2 (Up a(2)) _ < 
OMe) = a oe 


Using (ii) of lemma (2), this would leads to 


Up-war(2) _ 2p+(q—- Dk | 3 2kz 
Us ar(2) z | ae 


PGT 
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Now, 
(Uae) S(Uss (UE) 
UMi 
k U% k,q, rz) k ETE 


“EAT, , T 

k (Uar (2)) [2p + (4 — Dk +k (UE ; 

(UE Sar a | € parl? ) ( a karl? ə)! 
= _ kU- karl? D2 k (Up_ TR KU THG D ))' 

Ea) O a) O O) 


rd 


k Upton (2) Uia O 2p. = Ak2? 
~ z UE (z) -e(t 9) By (uk ye" 


Pg? PQ? p,q, r; n 


if p,r,k > 0, q,z E€ R and (p/k) + (q — 1)/2 > 0. Replacing p to p + k to find (23); 
(ii) Here, we shall recall (iv) of Lemma (2) and the second-order differential equation 
(16) to find 


krz 

+ hel) had [a 
k Uye )) (UF a ))" 2 £ (Ua (UE,.(z))' 
Efa ey a E ar) 
a [eee 

__k = Az(Uk orn)” xü 
ZE 


if p,r,k > 0, b,z > 0 and (p/k) + (q — 1)/2 > 0, which completes the proof of (ii); 
(iii) Suppose that 


Apae = (Upar? ))- (U5. kgr (2 z)) (Usticar(2)) - 


By making use of (ii), (v) and (iv) of Proposition (2), we have 
(Aka) = E [lat DE (Uart) irar) + 1-9) (Uk ge(2))") 


From Lemma (7), it is easy to verify that A a ))’ > 0 under the given hypotheses 


which ends our claim. 
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Now, the modified k-Bessel function may be introduced as 


1 2n+2 
Ty, (nk + p+ $k) n! (5) i 


and the normalized form of Tk (2) by 
p oo +1 

K a(2) =UK (2) = (2) N g+h\ ak y= Ty (p + 4k) as 

Up ga(2) = Up g(2) (5 i (+ 2 parl?) >, Ty, (nk + p+ 4k) n! \2/ | 


We are ready now to pass on the main results of this part. 


Theorem 2. Let k > 0 and p,q E R. Then the following assertions hold: 

(i) Ifp, >p> —k(q +1), then z => u5 AE )/Ux gi) is increasing on (0, 00) ; 

(ii) If0 < py < po and b > —1, then z > Uš (2 ) Ui (z Urs AC) is decreasing 
n (0,00) ; 

(iii) If p+ ((q+1) /2)k > 1/4, then z+ UK, (z)/exp(z?) is decreasing on (0, 00) ; 

(iv) IfX > v > -—k and 2p+ (q+1)k> 0, en z œ UE (z)/1Fixl(A, k); (v, k); 2] is 


strictly decreasing on (0,00). 


Proof. (i) Using the power series expansion of U% (z), we have 


uk iz ) E ae 
Uf, le 2) 3 o (pi) 27" 


In view of Lemma 1, it is enough to prove the monotonicity of 


On (p) a Ik (p T 1k) Ik (nk + pit ak) 


F,,(2) = = 
(2) on (pı) Py (p + vik) Ik (nk +p+ 135k) 
to get 
Fnp1(2) _ Tr (nk + pı + Sk) Ty (nk +p + 42k) 
Falz) Tr (nk + p+ Ëk) Ty (nk + pı + 4k)’ 
Let 


OT (nk pı 13k) 
ST a a 


Differentiating (25) logarithmically with respect to pı, it finds 
CP) _ y, (r k + pı + x) ai (+p 4 i), 
C(p1) 

Here, Yy stands for the k-digamma function defined by 

I.) 

F(z) 


(25) 


o 
log T(z J= 


Plz) = Bz 
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Using the well-known representation for the k-digamma function 


1 


inky [== 


Plz) dé, (26) 


k 1— & 
0 


where y denotes the Euler-Mascheroni constant given by the series 


noo 
n=1 


“1 
y= lim e Spe xt) = 0.5772156649, 
n 


to find ¢'(pi) > 0 so that F,41(z) > Fr(z), if pı > p. 


(ii) By using the Cauchy product of two power series, we have 


Uk (ZU (2) a ae 


P14 Pp2,q 


Uitv (2) = 3 Bazin 
n=0 


where 
ie Ty, (pi + 44k) Ty, (p2 + 44k) 
"£ aed, (Ek + pi + Sk) Ty ((n — 2k + po + Sk) (n — 9. 
and 
BS re (eee + 24)” 


AT), (fk + tee + SAK) Ty ((n — Ok + =P + Sk) Ln — 8)! 


Suppose that 


[Tye (22 + H2K)]PTy (Oe + py + SK) Ty ((n — Ok + po + Hk) 


Vo= Taka 2m RT, (Ca — Ok + 2 + FN) Ty (pi + HT (p + =) 
Thus, 
Ve _ Tk ((é 1)k + pı 4 nti Ty (ek + prtpe be aty) 
Ve Ty (C4 1k + Be + SEK) Ty, (k + pi + SR) 
: Ty, ((n— £L- 1)k + p2 + $k) Ty ((n — Ok + AEB + aii) 
Ik ((n—- £- 1)k pire k) ine ((n— Lk + pı ff atik) 


Since pı < pə and q > —1, it is easy to verify that Voi, < Ve which leads to the 
required result. 


(iii) In the light of Lemma 1, the monotonicity of 


Tk (p + gtk) 


Wa = A (nk-+p + gtk)’ 
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must be tested. Since 
Writ Pe(nktp+4°k) | 1 
Wr 4k (nk +k+p+ Sk) 4(nk+p+ 4*k) 


zi, 


this leads to Uk, (z)/ exp(2°) is decreasing on (0, 00). 
(iv) Using (8) and the infinite series representation (7) with Lemma 1, it is enough 


to check the monotonicity of 


Ty (p = tik) Tk (A) Tk (nk+v) 


X= : 
4°T;, (nk + p+ 1k) Tr (v) Ty (nk+A) 
Since 
Xni nk+v £4 
Xn  4(nk+A) (nk +p + a): i 
from the above assumptions, which implies to z =œ Uf,(z)/iFix[(A,k); (v, k); z] is 


strictly decreasing on (0,00) and consequently the sheet is complete. 


Theorem 3. Letk > 0, z >0 and 2p+(q+1)k> 0. Then the following assertions 
hold: 

(i) The function z œ> UK (z) is absolutely monotonic function on (0,00) ; 

(ii) The function YF (2) =U ,(V/2) — 1 is super-additive on (0,00) ; 

(iii) The function p++ Uš (z) is decreasing on (0,00); 

(iv) The function p+ UX,(z) is log-convex on (0,00). Furthermore, 


(UE (2)) <Uk (2) Ua o(2); 


(v) The function b= Uk, (z) is decreasing on (0, 00) ; 


vi) The function b> uss z) is log-convex on (0,00). Moreover, 
Pd 


( 
(U;, gl2 ))’ < Ux, -«(2) Uk ae; 


Proof. (i) Using the integral representation (4), we have 


1 
2T (p + +k) pya (=) 
uk = 2 fa-e k+l cosh dé, 
O= Faery (p+ ay O Vi 


and so 


1 
o” 2k (p + $k) pa [= ) 
= tye = 2 j-orn Z sh dt > 0, 
aan Ural) = Tre, (p+ $k) J a ie N o's 


This would lead to the absolute monotonicity of Us q(2): Another way of proving the 


absolutely monotonicity of the prescribed function consists of using the fact that the 
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power series of Us (z) has a nonnegative coefficient for 2p + (q + 1)k > 0 and z > 0 
(see [6]). 

(ii) The function YX (z) is super-additive on (0,00) if (0/0z)(Yf,(z)/z) = 0, so 


ees 


p,q 
Oz z 2 , 
and 
o “(n-1)T pete gn-l 


> 
ArT), (nk +p+ 1k) a 


n=1 

which implies to Y% (z) := UX, (./z)—1 is super-additive on (0, 00) for 2p+ (q+1)k > 
0, k >Q and z > 0. 

To complete the proof of (iii)-(vi), let us assume that 


n 
4T (nk + p+ Sk) n! 27) 


is (z) := 


(iii) The proof follows by evaluating the logarithmic derivative of (27) for A% , (z) as: 


Fle, (z) = VU (2+ x) — Vy (nk +pt+ ir) 
Using the representation (26), this implies that p++ AX , (z) is decreasing on (0, 00). Since 
the infinite sum of decreasing functions is also decreasing, this leads to p +> uy. q(2) is 
decreasing on 2p + (q + 1)k > 0 and z > 0. 
(iv) Since 


o? q+1 q+1 
gp OS Ana (2)= vi, (» + Lk) -w (nko H 5 J 
and by using the well-known representation: 


i > 1 
V(t) = PD camera € R\{0, —1, —2, ...}, 
m=0 


we have 
1 
1i) - A (nk-+p+ x) 


a (nk)? + 2nk (mk+p + 4*k) 


+1 +1 pa 
o (mk+p + 5 k)” (nk+mk+p+4 k) 


b] 


which implies that 
a 


ape 28 Ana (z) = 0, 
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for 2p + (q + 1)k > 0 and z > 0, that is, the function p > Nee (z) is log-convex on 
(0, 00). Since the infinite sum of log-convex functions is log-convex too. This implies 
to p++ U% (2) is log-convex on (0,00) for 2p + (¢+1)k > 0 and z > 0. On the other 
hand, 


1 
logui (2) < 5 (108U ralz) + loglttys.o(2))) 


or equivalently CAO < Uge] US al) 
(v) From (27), we obtain 
q+1 


o k k q+1 
Bq 08 Ava (z) = =v, € Eo K) — 3 Yk (kp 5 ) <0, (28) 


which implies to q =œ U% (z) is decreasing on (0,00). 
(vi) From (28), we have 
2 


o i k? q+1 k? q+1 
Slog Ak, (e) = FW (p Baa — 7h (2 nk + p + —— 5 2 0, 


this leads to q + Uf, (z) is log-convex on (0,00) which ends the proof of the last 


theorem. 


4. CONCLUSIONS 


In the present investigation, interesting properties of the k-analogue of the gener- 
alized Bessel function of the first kind of order p, that is, UK qr (2) have been derived. 
We further have discussed the uniform convergence of U$ qr (2); Moreover, we have 
proved that the prescribed function is entire and found its growth order, type and 
Weierstrass factorization. Furthermore, the integral representation for UK, ,(2) is 
obtained using the representation for the k-beta functions. We further have proved 
that the specified function is a solution of a second-order differential equation that 
generalizes certain well-known differential equations for the classical Bessel functions. 
In addition, some interesting properties like the recurrence as well as differential re- 
lations, have been demonstrated and some of them have been used to establish some 
Turan type inequalities for it. Ultimately, we have studied the monotonicity and 
qi defined 


by Tš (2) =i U q1(i2) as well as the ratio of modified k-Bessel function and the 


ana of the normalized form of the modified k-Bessel function T* 


exponential and k-hypergeometric functions where the leading concept of the proofs 


comes from the monotonicity of the ratio of two power series. 
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5. APPENDIX A. GENERALIZED k-BESSEL DIFFERENTIAL EQUATION 
PROOF OF PROPOSITION 1 


It is easy to observe from (8) that 


pa A (ar)P(Qn+8) yzi 
zz Urar) BP Jn! (5) 


Differentiating (29) again with respect to z, it finds 


2) (en (2+ 8) on 
A i Dd, = 
dz? ede 2 s Tk (nk +p+ 11k) n! 


2 An(—r)” (n+ 


e a pea n+P+%') Cn 
Ke Pa 4 Tk (nk p 11k) n! \2 
= 2n(—r)” Z\2Nt+k 
es (5) 
( D O Ti) nt \2 


_ Pat Gael z\ anti 
= a Upare) 4 a (nk +p + Sk) (n—D)! @ 


-@-)5 S T 


= Tk (nk + p+ 4k) n! 


= 3 (S a 
prel) tg “Ty (nk +k+p+ $k) n! \2 


ae ae 


= Fa Ub gel) — o — (@— 1) 2 (han (2))' + E(@ — 1)Uk g (2). 


On simplification we easily arrive at the Eq. (16). 


(29) 
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6. APPENDIX B. RECURRENCE AND DIFFERENTIAL RELATIONS FOR 
GENERALIZED k-BESSEL FUNCTION 


B.1. Proof of Proposition 2. (i) We shall evaluate the expression Uk_,.,.(z) + 


Us qr (2) as follows: 


: : oo (—r)” 2n+Pe* 
UF eae) + Upkar?) = > Tk (nk + D + g— 1k) n! (5 ) 


= ant 1 z\ oe 
ee, a ) (p + S*k) (5) 
3 (—r)” ere 
~ Tk (nk p 1k) n! \2 
3 (—r)"-1 Cae 
A iar 11k) (n — 1)! \2 
a 1 em 5! —r)" (nk + p+ S*k—*) Chi 
«Ty (p+ k) \2 — Ty (nkt+p+k)n! \2 
= 1 ay > (=r "(pt tn 1k) oer 
7 Ty (p + 1k) 2 a ret ae +p+ eo n! 
AS n(—r 
+ (k- ac jae 
( 3 BN a 1k) n 
7 1 Clg _ 2p+(q—1)k > (—r)” Cw 
Tk (p -+ Tk) 2 l z ae Le ne + vik) n! 
ie (—r)" 
+ (k- ae er 
=) 2 Ty (nk + p+ 4*k) ( 
1 


1 Z\k a (—r)” Z\2nt+e 
Ty (p + S*k) G) | LT (nk + p + 4*k) n! (5) | 


(=1)"r- 1 z 2n+2* 
Tee Se (nk +p + 2k) (n— 1)! (5) 


2 (2+ 1x) Uk ge(2) + (1 ker) Uk ap 2). 
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After simple computations, we can arrive at (i). Secondly, to prove (ii), we shall aim 


to estimate the expression Uf y gr(2) — Usuieg (2) as follows: 


| > (Ohne ps Ree) Ces 
— Ty (nk+p+ 4k) n! \2 
—k co 


7 1 2AT (—r)” (nk+8) zN 2nt+ 2 
Ty (p+ $k) (5) | Di, (nk +p + Tn (5) 


 p+(qg-1)k k A 
2 Dra a ) 


oo (eum z 2n+P* 
-n = E 1)! (5) 


=k (Us a r(2)). = Kig D Uan z), 


which implies to (ii) after some calculations. Moreover, to prove (iii), it is well-known 


that (i) can be expressed as 


Us nasl) + krUs a gp(2) = PEER ye pl). (20) 


Multiplying both sides of (30) by —rk and replace p by p+ 2k, then 


2(p + 2k) + (q — 1)k 


—rhkUs car (Z z)— k?r Ug )= = 
Again, multiplying both sides of (30) by r?k? and replace p by p+ 4k, then 


2(p + 4k) + (q — 1)k 


rk We ae ) ier CA uate) T 


Continuing in this manner and adding them to get (iii). By adding (i) and (iii), we 
get (iv). Combining (ii) and (iv), we get (v) which ends the proof. 


B.2. Proof of Proposition 2. We shall prove (19) by applying the mathematical 


induction. For m = 1, we have (18). Assuming that (19) is valid for m = v. We have 
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to prove that it also holds for m = v + 1 as follows: 


ARS P +q—1qyk ld 1d\" k +q—1qJk 
(a) (E Uhal) = Ca) Ga (2 Uhala) 


= ta E Pe S (—r)” Cas 
a Ty, (nk + p— vk + 4k) n! \2 


n=0 


l 5 Toi (2n -2v +2 +q- 1) z2n—=2v+28+q-2 
= 


g2n+ ee (nk +p—vk+ vk) n! 


n=0 


keitz Ik (nk +p-— vk + 1k) n! 


o9 n 
= 2 y (=r) z2n—2v+2£+q—2 
92n+ 


n=0 


= 


P4g—(v4+2)7 7k 
= mae UG A 


Thus (19) is true for m = v + 1 and consequently it holds for every natural number 


m. Similarly, we can prove relation (20). 
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